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Distributed Averaging With Random
Network Graphs and Noises

Tao Li*™, Senior Member, IEEE, and Jiexiang Wang

Abstract— We consider a discrete-time distributed averaging
algorithm over multi-agent networks with measurement noises
and time-varying random graphs. Each agent updates its state by
a weighted sum of pairwise state differences between its neighbors
and itself with both additive and multiplicative measurement
noises. The network structure is modeled by a sequence of
time-varying random digraphs, which may be spatially and tem-
porally dependent. By stochastic Lyapunov method and the com-
bination of algebraic graph theory and martingale convergence
theory, we obtain sufficient conditions for stochastic approxi-
mation type algorithms to achieve mean square and almost sure
average consensus. We prove that all states of the agents converge
to a common random variable, whose mathematical expectation is
the average of initial values, in mean square and almost surely if
the sequence of digraphs is conditionally balanced and uniformly
conditionally jointly connected. An upper bound of the variance
of the limit random variable, that is, the mean square steady-state
error for stochastic average consensus is given quantitatively
related to the weights, the algorithm gain and the energy level
of the noises.

Index Terms— Distributed averaging, multi-agent system,
additive and multiplicative noise, time-varying random graph.

I. INTRODUCTION

N REAL networked systems, there exist various kinds of

uncertain factors, such as channel noises, channel fading,
random link failures and recreations. In recent years, stochastic
multi-agent networks have attracted great attentions from
scholars in various fields and become an active interdisci-
plinary research subject. For stochastic multi-agent networks,
distributed averaging is one of the most fundamental problems
and has wide application background, such as distributed
computation [1], [2], distributed filtering [3], [4], information
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fusion over wireless sensor networks [5], distributed learning
and optimization [6], [7], load balancing [8], etc.

Measurement or communication noises affect not only the
decision-making of each individual agent, but also the over-
all performance of the whole system. Generally, measure-
ment or communication noises are divided into two categories:
additive and multiplicative noises. Additive noise corrupts
signals in the form of superposition regardless of signals’
own intensities, while, multiplicative noise has a different
mechanism which can be represented by its coupling with
signals. For example, the effects of coherent fading in imaging
radar systems can be modeled by multiplicative noises [10].
For distributed averaging with additive measurement noises,
Huang and Manton [11] proposed a discrete-time stochastic
approximation type average-consensus protocol, and gave suf-
ficient conditions for mean square consensus under fixed undi-
rected graphs. Li and Zhang [12] studied a continuous-time
distributed averaging algorithm with additive measurement
noises and obtained necessary and sufficient conditions for
mean square average-consensus under fixed balanced digraphs.
For distributed averaging with multiplicative measurement
noises, Li ef al. [13] considered average consensus under fixed
undirected graphs with nonlinear noise intensity functions,
and gave necessary and sufficient conditions for mean square
average consensus. Ni and Li [14] considered distributed con-
sensus with multiplicative measurement noises where the noise
intensities are absolute values of relative states.

Besides measurement and communication noises, the struc-
ture of a multi-agent network often randomly changes due
to packet dropouts, link/node failures or recreations, which
are particularly serious for wireless networks. The random
switching of network structures has a strong impact on
convergence and performance of distributed averaging algo-
rithms. This topic also attracts extensive attentions from
the community of distributed averaging. Distributed averag-
ing and consensus with a sequence of independent iden-
tically distributed (i.i.d.) graphs were studied in[15]-[20].
Especially, Bajovi¢ et al. [19] proved that the product of
ii.d. symmetric stochastic matrices converges exponentially
in probability. The cases with ergodic stationary and finite
state homogeneous Markov chain type graph sequences were
analyzed in [21] and [22], respectively, which both obtained
necessary and sufficient conditions for almost sure consen-
sus. Liu et al. [23] and Touri and Nedic [24] studied distrib-
uted consensus with more general random graph sequences.
Liu et al. [23] obtained sufficient conditions for the pth order
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moment of pairwise state differences to vanish by using
the jointly-containing-spanning-tree type condition. Touri and
Nedic [24] gave a more general condition for the convergence
of weak periodic random matrix sequences.

Most of the above literature considered the effect of ran-
dom changing of network structures or measurement noises
on distributed algorithms separately. In real networks, vari-
ous kinds of uncertainties may co-exist. For example, there
may exist additive measurement noises and channel fad-
ing accompanied with random link changes. Many scholars
have long been committed to developing distributed averag-
ing algorithms with comprehensive uncertainties, establishing
convergence conditions and quantitative relations between
algorithm performances and network parameters. However,
the theory of distributed averaging algorithms with all the
random uncertainties mentioned above is still to be developed.
Li and Zhang [25] considered distributed averaging with addi-
tive measurement or communication noises and deterministic
switching graphs. They established a necessary and sufficient
condition for mean square average consensus under fixed
digraphs and the jointly-containing-spanning-tree type condi-
tion for mean square and almost sure average consensus under
switching digraphs. Rajagopal and Wainwright [26] studied
distributed averaging with additive storage noises, additive
communication noises and data-constrained communication.
Kar and Moura [27] gave sufficient conditions for almost
sure consensus under a Markov chain type graph sequence
with a fixed mean graph and additive measurement noises.
Huang et al. [28] considered the case with spatial-temporal-
independent additive measurement noises and random link
gains under Markov and deterministic switching network
graphs. They obtained sufficient conditions for mean square
and almost sure consensus. Aysal and Barner [29] proposed
a model of general consensus dynamics and gave conditions
for almost sure convergence under additive disturbances and
randomly switching graphs. Patterson er al. [30] considered
distributed averaging with spatial-temporal-independent ran-
dom link failures and random input noises. They gave the
exponential mean square convergence rate for mean square
average-consensus assuming that the underlying mean graph
is always undirected and connected. Wang and Elia [31]
focused on the system fragilities caused by communication
constraints (additive input noises, communication delay and
fading channels). They established a tight relationship among
uncertainties of network channels, robust mean square stability
and the appearance of Levy flight. They gave conditions for
the difference between each pair of nodes’ states vanishing
in mean square, without additive input noises. Furthermore,
Wang and Elia [32] studied how the model parameters affect
the appearance of complex behaviour and provided an expres-
sion to verify system stability. Long et al. [33] considered
distributed consensus with multiplicative noises and randomly
switching graphs assuming that the mean graph is fixed and
connected.

In this paper, we propose a discrete-time multi-agent dis-
tributed averaging algorithm with both additive and mul-
tiplicative measurement noises under time-varying random
graphs. A time-varying algorithm gain is adopted to attenuate
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the noises. By stochastic Lyapunov method and the combi-
nation of algebraic graph theory and martingale convergence
theory, we obtain sufficient conditions for the distributed
approximation type algorithm to achieve mean square and
almost sure average consensus. We prove that all states of
the agents converge to a common random variable in mean
square and almost surely if the sequence of random graphs
is conditionally balanced and uniformly conditionally jointly
connected. The mathematical expectation of the variable is the
average of initial states of the agents. Moreover, we give an
upper bound of the variance of the limit random variable, that
is, the mean square steady-state error for stochastic average
consensus, which is quantitatively related to the edge weights,
the algorithm gain, the number of agents, the agents’ initial
states, the second-order moment and the intensity coefficients
of the noises. Some preliminary results on distributed averag-
ing with additive and multiplicative noises under fixed graphs
have been presented in [34]. Compared with the relevant
literature, main contributions of our paper are summarized as
follows.

I. The measurement model covers both cases with addi-
tive and multiplicative noises. Different from the case with
only multiplicative noises, due to the introduction of the
time-varying algorithm gain to attenuate additive noises,
the dynamic network associated with the algorithm becomes a
time-varying stochastic system. The exponential convergence
of stochastic Lyapunov energy function, which is essential
to obtain the almost sure consensus conditions in [13], [14],
and [33], cannot be used. Besides, different from the case with
only additive measurement noises [11], [12], [25], multiplica-
tive noises relying on the relative states between agents make
states and noises coupled together in a distributed information
structure. This leads to the fact that the martingale term
induced by noises is coupled with states and network graphs
in the system centroid equation. The estimation for the term
results in more complex analysis for mean square steady-state
error. To these ends, we further develop stochastic Lyapunov
method. Firstly, by martingale convergence theory, we prove
the boundedness of mean square consensus error. Then we
obtain mean square average consensus from the result of sub-
stituting the boundedness back into the difference inequality
of Lyapunov function. Furthermore, by tools of martingale
convergence theory, we obtain almost sure average consensus.
It is worth pointing out that though Wang and Elia [31], [32]
considered both additive input noises and Bernoulli fading
channels, they used fixed algorithm gain and ensured that the
pairwise state differences vanish in mean square in absence of
the additive input noises. In addition, different from the most
existing literature, the noises in this paper are allowed to be
spatially and temporally dependent.

II. In [34], the network graph is assumed to be fixed,
balanced and strongly connected. In this way, the property
of the Laplacian matrix of a connected graph can be directly
used to get the contractive property of Lyapunov energy
function. While this paper studies the case with time-varying
random graphs, and the network graph is neither connected
nor balanced instantaneously. Thus, the method of [34] is
not applicable. In this paper, stochastic Lyapunov method is
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further developed for the case with a sequence of random
graphs. In Huang [35], the lengths of the time intervals,
over which the network is jointly connected, can randomly
vary but must be bounded with probability one. The network
graph condition given in [35] is essentially a deterministic
type condition. However, for a sequence of random graphs,
it is very difficult to verify whether its sample paths satisfy
such kind of conditions with probability one. Particularly,
the sample paths of Markovian switching graphs do not satisfy
those conditions. In this paper, the network structure among
agents is modeled by more general random graph sequences.
The generalized weighted adjacency matrices are not required
to have special statistical properties, such as independency
with identical distribution, Markovian switching or station-
arity, etc. By introducing the concept of conditional digraph
and martingale convergence theory, we establish the uniformly
conditionally joint connectivity condition to ensure stochastic
average consensus. The joint connectivity conditions with
respect to a sequence of i.i.d. graphs, Markovian and deter-
ministic switching graphs in the existing literature are all
special cases of our condition. Different from [25], which
assumed that the digraphs are balanced, we only require that
the conditional digraph is balanced; and different from [27]
and [33], we do not require a fixed mean graph. Moreover,
compared with [34], we do not require the instantaneous
balance of the network graph. This leads to an additional
martingale term in the system centroid equation, which needs
more complex estimation by martingale convergence theory.

III. In real networks, there exist not only cooperative, but
also antagonistic relations between agents [36]- [38]. Such
relations can be modeled by links with positive or negative
weights, respectively. Among most of the existing literature on
distributed averaging, nonnegative edge weights are required.
Liu et al [23] and Touri and Nedic [24] studied noise-free
consensus algorithms under random graph sequences, and
required nonnegative edge weights. Porfiri and Stilwell [15]
considered noise-free distributed consensus with arbitrary
weights in a sampled-data setting, however, the network graph
sequence is required to be i.i.d. and the mean graph is always
connected. In this paper, we show that under the uniformly
conditionally joint connectivity condition, even though the
random edge weights take negative values at some time
instants, mean square and almost sure consensus can also be
achieved.

The remaining parts of this paper are arranged as follows.
Section II gives preliminaries and problem formulation. Sec-
tions III and IV give main results and the proof of the main
theorem. In Section V, for two special cases of Markovian
switching graph sequences with countable states and inde-
pendently switching graph sequences with uncountable states,
the sufficient conditions for mean square and almost average
consensus are given. Section VI presents some numerical
examples to demonstrate the theoretical results. Section VII
gives concluding remarks and some future topics.

Notation and symbols:
1y: N-dimensional vector with all ones;
0p, N-dimensional vector with all zeros;

In: N-dimensional identity matrix;
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Omxn: m x n dimensional zero matrix;

R: set of real numbers;

A > B: matrix A — B is positive semi-definite;

A > B: matrix A — B is a nonnegative matrix;

AT: transpose of matrix A;

diag(By, ..., By): block diagonal matrix with entries being
Bi,...,By;

||A|l: 2-norm of matrix A;

||A|lr: Frobenius-norm of matrix A;

P{A}: probability of event A;

E[¢]: mathematical expectation of random variable &;
Var(¢): variance of &;

|S|: the cardinal number of set S;

[x]: the minimal integer greater than or equal to real
number x;

Lx]: the maximal integer smaller than or equal to x;

b, = O(ry): limsup,_, o 1bal - oo, where {b,, n > 0} is a

real sequence and {r,, n > r(’)L} is a positive real sequence;
by = o(ry): limp— o0 % =

b, = O(ry): limsup,,_, o, ”r’”‘ < oo and liminf, ”;i > 0;
Fpk)y=0((j),0=<j< k) k>0, F(—=1) ={Q, @} where

{n(k), k > 0} is a random vector or matrix sequence.

II. PRELIMINARIES AND PROBLEM FORMULATION

A. Preliminaries

Let the triple G = {V, &g, Ag} be a weighted digraph,
where V = {l,..., N} is the node set with node i rep-
resenting agent i; &g is the edge set, and (j,i) € &g
if and only if agent j can send information to agent i
directly. Denote the neighborhood of agent i by N; = {j €
VI(j,i) € Eg}. We call Ag = [a;;] € RN*N the generalized
weighted adjacency matrix of G, where a;; = 0, and a;; #
0 & j € N;. Since & is uniquely determined by Ag,
the digraph can also be denoted by the pair G = {V, Ag}.
The in- degree and out-degree of agent i are denoted by
degin(i) = Zj 1 aij and degou (i) = Z?’:l aj;, respectively.
We call Lg = Dg — Ag the generalized Laplacian matrix
of G, where Dg = diag(degin(1),...,degin(N)). By the
definition, Lgly = Oy. If degin(i) = degout(l) Viel,
then G is balanced. We call G = {v, 5 A } the reversed
digraph of G, where (i, j) € &g if and only if (j,i) € &

~ T
and Ag = AL, Then, G = {V, & U5, 295725} is called the

symmetrized graph of G. Denote Lg = ngrLg If ajj > 0,
Vi, j € V, then the generalized weighted adjacency matrix
Ag and the generalized Laplacian matrix Lg degenerate to
the weighted adjacency matrix and Laplacian matrix in usual
sense, respectively. And Lg is the Laplacian matrix of G if
and only if G is balanced [39].

The union digraph of G V,&,,Ag,} and G =
{V,&g,, Ag,} with the common node set V is denoted by
Gi+G ={V, &, UE,. Ag, +Ag2} By the definition of Lg,
we know that LZ g, z] 1 Lg;. A sequence of edges
(i1,12), (i2,13), ..., (ix—1,1x) is called a directed path from
i1 to i. If for all i, j € V, there exists a directed path from i
to j, then G is strongly connected.
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B. Problem Formulation

Consider a multi-agent system of N agents whose informa-
tion structure is described by a sequence of random digraphs
with the identical node set {G(k) = {V,Agw}.k > 0}.
We consider the following distributed averaging algorithm:

xitk+ 1) =x(k)+cl®) D ai®)(y)itk) —xi k),
JeN; (k)

k>0, ieV, )

where x;(k) € R is the state of agent i at time instant k,
and x;(0), i = 1,2,...,N are the initial values. Here,
N; (k) denotes the neighborhood of agent i at time instant k,
c(k) is the time-varying algorithm gain, and y;;(k) denotes
the measurement of agent j’s state by its neighboring node i
at time instant k, which is given by

yjilk)y=x;(k)+ fjiCx; (k) —xi (k))&ji (k), i€V, jeN;(k).

2

where {;(k), k > 0} is the measurement noise sequence
on channel (j,i) and fj;(xj(k) — x;(k)) is the noise
intensity function. The combination of (1) and (2) is
called the distributed stochastic approximation type con-
sensus algorithm [11], [25], [27]. Let &(k) = [&1(k),. ..,
En1(k); . Ein k), ..o Enw (K)]T, where &ji(k) = 0 if j ¢
N; (k) for all k > 0.

Remark 1: The information structure of the network is
modeled by a stochastic process, i.e., a sequence of ran-
dom digraphs {G(k,w) = {{1,2,..., N}, AG,m}, kK = 0},
where @ is a sample point of some sample space Q. For
a fixed o, {Gk,0) = {{1,2,...,N}, Agk,m}. k > 0}
is a sequence of deterministic digraphs, and for a fixed
k >0, Gk,w) = {{1,2,..., N}, AG,w)} is a random

element, where A(k, ) 2 AG,w) = laij(k, 0)Iyxn is an
N-dimensional random matrix with zero diagonal elements.
Especially, if a;; (k, ) = aji(k,®), i,j = 1,2,..., N, and
ajjk,0),i=2,...,N, j=1,2,....,i—1areiid 0—1 val-
ued random variables with the probability P{w : aj2(k, w) =
1} = pi, then G(k, w) is the Erdos-Rényi random graph model
G(N, px) [40]. Since there is a one to one correspondence
between G(k, ) and A(k, w), the random graph sequence can
also be viewed as a sequence of N-dimensional random matrix
with zero diagonal elements. In stochastic process theory,
the sample point w is usually omitted. Besides the Erdos-Rényi
random graph model, the readers may referred to [41] for more
random graph models.

We introduce the concept of conditional digraphs. We call
E[.Ag(k)I}"A(m)], m < k — 1, the conditional general-
ized weighted adjacency matrix of Agy) with respect to
F 4(m), and call its associated random graph the conditional
digraph of G(k) with respect to F 4(m), denoted by G(k|m),
ie., Gklm)={V, E[Agu|F.a(m)]}. In this paper, we con-
sider the sequence of balanced conditional digraphs as follows:

[1 = {1960, k = 0} ELAG | Fatk = DI = Oy as.

G(klk — 1) is balanced a.s., k > O}.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 64, NO. 11, NOVEMBER 2018

For the measurement model (2) and the algorithm gain c(k),
we have the following assumptions.

(A1) For the noise intensity function f};(-): R — R, there
exist nonnegative constants ¢;; and bj;, i, j € V, such that
|fj,-(x)| <ojilx|+bji,Vx eR

(A2) The noise process {{(k), Fz(k), k > 0} is a
sequence of vector-valued martingale differences and there
exists a positive constant S such that sup.g E[IE()]1?|
Fek— D] < p as. -

(A3) c(k) > 0,V k > 0,32 c(k) = 00,35, c*(k) < oo.

(A4) c(k) decreases monotonously, c(k) = O(c(k + h)),
k—>o0,Vh=0,1,2,...

Remark 2: Assumption (A1) shows that the measurement
model (2) covers both cases of additive and multiplica-
tive measurement noises. Here, bj;, i, j € V and oj;,
i, j € V are additive and multiplicative noise intensity
coefficients, respectively. The measurement models with addi-
tive noises in [11], [12], and [25] and those with multiplica-
tive noises in [13], [14], and [33] are both special cases of
model (2). In detail, the measurement model in [25] is
yjilk) = xj(k) + &jik), j € Nj(k). The measurement
model in [13] is y;i(k) = x;(k) + fji(x;(k) — xi(k))Sji (k).
Jj € Ni(k), where |fji(x;(k) — x; (k)| < ailx;(k) — x;(k)|.
The measurement model in [14] and [33] is y;; (k) = x; (k) +
ojilxj(k) — xi(k)I&ji(k), j € Ni(k). Obviously, all the noise
intensity functions of the above three kinds of models all
satisfy (A1).

Remark 3: In Assumption (A2), we assume that the overall
noises constitute a martingale difference sequence without the
requirement that the noises are spatial-temporal independent
as in the most existing literature [13], [14], [28], [31]- [33].
This weaker assumption leads to difficulties in analyzing the
algorithm, where the coupled term of states and noises cannot
be simply separated as the case with independent noises.
If {¢(k), k > 0} is an independent zero mean sequence
with bounded second-order moments, then Assumption (A2)
holds.

Remark 4: Existing literature showed that a fixed algorithm
gain can ensure strong consensus [13], [14], [33] if only mul-
tiplicative measurement noises are considered. Here, we adopt
the decaying algorithm gain c(k) to attenuate the additive
noises. In the field of distributed algorithms, Assumption (A3)
ensures that c(k) vanishes with a proper rate for attenuating
noises and meanwhile the algorithm does not converge too
early. If ¢(k) decreases monotonically, and there are constants
y € (05,11 and p > —1, ¢; > 0, ¢2 > 0, such that for

: aln’ (k) aln’ ()
sufficiently large &, = = ck) < SR then both
Assumptions (A3) and (A4) hold.

We have the following assumption on the random graph
sequence and the measurement noises.

(A5) The random graph sequence {G(k),k > 0} and the
noise process {£(k), k > 0} are mutually independent.

Remark 5: Here, Assumption (AS) requires that the graph
sequence and the measurement noises are mutually inde-
pendent. And different from the most existing works on
distributed averaging under random network graphs, here,
neither the graph sequence nor the process of measurement
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noises is required to be spatially or temporally independent.
For the case with time-invariant random graphs, Porfiri and
Stilwell [15] and Hatano and Mesbahi [18] assumed inde-
pendent channels. For the case with time-varying random
graphs, Boyd et al. [16], Kar and Moura [17], Tahbaz-Salehi
and Jadbabaie [20] and Long et al. [33] assumed that {G(k),
k > 0} is a sequence of independent random graphs. These
spatial or temporal independency requirements cannot be
always satisfied for real networks. Take a sensor network
as the example. On the spatial scale, if a sensor node fails
due to battery exhausted, then all channels between this
node and its neighbors become inactive. This would happen
randomly and the statistics of channels associated with this
node are obviously spatially dependent. On the temporal scale,
the unreliability of channels would increase due to aging
of sensors as time goes on. Thus, the statistics of channels
are also temporally dependent. In this paper, we do not
require the spatial and temporal independency of the network
graphs, which can cover more practical cases besides those
in [15]-[18], [20], and [33]. To remove the independency
between the noise process and the graph sequence would be
more interesting and challenging.

Let X (k) = [x1(k), ---, an(K)]", D(k) = diag(a{ (k)
<++, ak(k)) with o] (k) being the ith row of Agy), Y (k) =
diag (fi(k),---, fn(k)), where fi(k) = diag(fii(x1(k) —
xi(k)), ---, fni(xn(k) — x;(k))). Substituting (2) into (1)
leads to the dynamic system associated with the algorithm (1)
and (2) in the compact form

X(k+1) = (N — c(k)Lgu) X (k) + c(k) D(k)Y (k)<(k). (3)

Remark 6: In [29], the dynamic system is described by
x(t+ 1) = A()x(t) + B@)m(t), where {x(s) : s < t}
is independent of A(t), B(t) and m(t) for all + > 0; and
the disturbance process m(t) is independent of B(r). This
assumption obviously fails for our model (3).

Definition 1 [25]: Stochastic average consensus: for the
system (1) and (2), if for any given X (0) € RN, there exists
a random variable x*, such that E(x*) = %Z;V:lxj(O),
Var(x*) < oo, limg_eo E[xj(k) —x*]> = 0, i € V, and
limg oo xj(k) = x* as., i € V, then we say that the
system (1) and (2) achieves mean square and almost sure
average consensus.

For consensus algorithms with random noises and randomly
switching graphs, generally, the state limit is not a deter-
ministic value but becomes some random variable [25]- [28].
Definition 1 is a generalization of the concept of deterministic
average-consensus in [39]. Due to the stochastic uncertainties
in the network, the limit value of the states is not the exact
average % Zjv: 1 xj(0), but becomes a random variable with
its mathematical expectation being % Z;V:lx ;(0) and its
variance characterizing mean square steady-state error.

In this paper, we aim at giving the conditions under which
the system (1) and (2) achieves mean square and almost sure
average consensus based on the models formulated above,
i.e., the random digraph sequence and the measurement model
with both additive and multiplicative noises. The following
section gives the main result.
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III. MAIN RESULTS

Let Jy = %117 and Py = Iy — Jy. Denote the consensus
error vector 0(k) = Py X (k) and the Lyapunov energy function
V (k) = ||6(k)||*>. For any given k > 0 and positive integer /,
denote

k+h—1
A= /12( > ElLgq)|Falk - 1)1), ©))
i=k

where 1,(-) denotes the second smallest eigenvalue. Since
E[I:g(,-)I}"A(k —1)] is a real symmetric matrix a.s., /IZ is well
defined.

We are now in the position for the main result.

Theorem 1: For the system (1)-(2) and the associated ran-
dom graph sequence {G(k), k > 0} € '}, assume that

(a) Assumptions (A1)-(AS5) hold;

(b) there exist deterministic positive integer & and positive
constants ¢ and po, such that (b.1) inf,,>0 iﬁlh > 6 as.; (b.2)

Jmax(h,2]

supi=o | EILgw ™" 1Fatk = DI < po as
Then, as k — oo, the consensus error d(k) vanishes in mean
square and almost surely. Moreover, all states x;(k), i € V,
converge to a common random variable x*, in mean square
and almost surely, with E(x*) = % Zj-v:l x;(0) and

2max(h,2]

o _ AcBbPpr  8CBo’pr | 2cpa gn
Var(x™) < e N2 + N (5)
where

o0 o
c =Y c*k).c= D E[VK)IcK),

k=0 k=0
o = max {o;;},b= max {bj},

1<i,j=N I=<i,j=N

4 = exp [end } (IXO)I2 +2¢p120 g, + b)),

a0 = oxp {e(of +4p1paD)| (16O +208p152),
p1 and pp are constants satisfying

sup E [|5g(k)| max al-zj(k)|.7:A(k — 1)] < p1 a.s.
k>0 1<i,j<N

N
max _sup E[(Zaij (k)
j=1

1<i<N k>0

N 2
- zaji(k))
=1

Remark 7: Most of existing literature on consensus-based
distributed algorithms assumed that the edge weights, i.e., the
entries of Ag(k), are nonnegative. In Theorem 1, we assume
that {G(k), k > 0} € Iy, which implies that the entries
of E [.Ag(k)|.7: A(k — 1)] are nonnegative almost surely. This
relaxation makes the algorithm more flexible at the price of
more difficult analysis, since Lg) is not a Laplacian matrix
anymore and some properties of Laplacian matrices are not
applicable.

Remark 8: We call Condition (b.1) inf,>o if;h > 0
a.s. the uniformly conditionally joint connectivity condition,
i.e., the conditional digraphs G(k|k — 1) are jointly connected
over the intervals [mh, (im + 1)h — 1], m > 0, and the average

Falk — 1)] < p2 a.s.
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algebraic connectivity is uniformly positive bounded away
from zero.

Remark 9: The inequality (5) gives an upper bound of
the mean square steady-state error. There are three terms
on the right hand side of (5), which reflect the impacts of
additive noises, multiplicative noises and the instantaneous
unbalance of network graph on the final steady-state error,
respectlvely If the network graph is 1nstantane0usly balanced,
ie., Zj 1 aij (k) = Z 1ajitk), i =1,2,..., N, as., then
the third term vanishes. Espemally, if the measurement noise
sequence {&j;(k),k = 0,1,...,i,j = 1,2..., N} are both
spatially and temporally independent, then from (44), we get

4cBb’p, | 8cBo’p,

Var(x*) < N2 N2

(6)

where p is a positive constant satisfying sup;-( maxi<; j<n
E[aizj(k)lfA(k— 1)] < pi, a.s. Moreover, if f = O(N)

and p; = O(l) as N — oo, then Var(x*) = O(1/N),
N — oo, which means that the larger the number of sensors
is, the higher the accuracy of information fusion is. At the
same time, a sensor network with a large number of nodes
is definitely uneconomic, so there is a trade-off between the
performance of the estimation and the cost of the system for
selecting the number of nodes.

If the network graph is instantaneously balanced (p; = 0)
and the measurement noise intensities are all zeros
(b = o = 0), then from (5), we get Var(x*) = 0, which
means x* = % Z;-Vzlxj(O) almost surely and Theorem 1
degenerates to the case for noise-free average consensus with
balanced digraphs in [39].

IV. PROOF OF THEOREM 1

To prove Theorem 1, firstly, we prove that the distance
between each agent’s state and the centroid of the system
vanishes in mean square and almost surely asymptotically.
Secondly, we prove that the centroid of the system converges
in mean square and almost surely, which then means that each
agent’s state converges to the same random variable. Finally,
we prove that the mathematical expectation of the limit random
variable is just the average of the initial states and estimate its
variance. Before proving Theorem 1, we have the following
two lemmas, which also present some important properties of
the consensus error themselves. Lemma 1, whose conditions
are weaker than Theorem 1, shows that the mean square of
the consensus error, i.e., the distance between each agent’s
state and the centroid of the system, is bounded. Lemma 2
shows that the consensus error vanishes in mean square and
almost surely. Lemma 1 plays important roles in the proofs of
Lemma 2 and Theorem 1.

Lemma 1: For the system (1)-(2) and the associated random
graph sequence {G(k), k > 0} € I't, if Assumptions (A1)-(A3)
and (AS) hold and there exists a positive constant p; such that
supg>o E [|5g(k)| maxi<; j<N aizj (k)| F 4k — 1)] < p1 as.,
then the system (3) satisfies sup; E[V (k)] < oo.
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Proof: By (3) and the definition of d(k), we have

ok +1) = Py(Iy — c(k)Lgu) X (k)
+c(k) Py D (k)Y (k)& (k)
= 0(k) — c(k) PN Lg ) X (k)
4+ c(k) Py D(k)Y (k)¢ (k).
By the definition of Lg s it follows that LgiyJN = OnxnN»

and thus Lgu)X(k) = Lgw)d(k). Then from the above,
we have

ok+1)=(Iy — c(k)PNLg(k))é(k)
+c(k) Py D (k)Y (k)< (k), (7

which together with the definition of V (k) leads to

Vik+1) < V(k)
+ W Lgw I 10(R) 1
+ R k)Y () D" (k) Py DK)Y (k) (k)
+2¢(k)ET (k) YT (k) DT (k) Py
x (In — c(k) PN Lg(x))o (k). (®)
We now consider the mathematical expectation of each term

on the RHS of (8). By Lemma A.l and Assumption (A2),
we know that

EET (YT (k) DT (k) Py (Iy — c(k) Py Lg1)d(k)] = 0. (9)

Noting that G(k|k — 1) is balanced a.s., by Assumption (AS5),
we get

LL Pl 4+ PyL
— 2¢(k)oT (k)L N .

LT Pl +PyLg
k (k)
E[ 70 > Fealk — 1)}
Pl + PyLgq
- E|: o T Ak - 1)}

= E[ig(k)|.7:A(k — D] > Onxn as.,
and then, by d(k) € Fz 4(k — 1), we have

P + PyLgx
[5T(k) Gk ) g()é(k)]zo

By Assumption (A1) and the definitions of Y (k) and V(k),
we get

(10)

1Y@ = | max | (f5iC; k) — xi(h)°
= max [262(x; (k) — x; (k) + 2b%]
=LJ=
N xi(k)\2
< 40'2 lfnjl’ailéN |:(xj(k) _ Zl_;vx ( ))

, ZlN:l‘xi(k) 2 2
+ (x,(k) - T) } +2b
N

402> (k) -

j=1
= 462V (k) + 2b2,

2i=1 %) }vxi (k))2 +2p?

Y
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where the first “<” is by Assumption (A1) and the definition
of Y (k) while the last “=" is by the definition of V (k).
By Assumptions (A2), the definition of Y (k) and (1), we know
that Y (k) is adapted to F4¢(k — 1), then by (A5) and
Lemma A.1, we have
EE" (YT (k)D" (k) Py D(k)Y (k)& (k)]
E[IIY O IEER) 1717 () DK)|]
ELE[|Y O 1EE)1PIDT (k) D) || F g (k — D]
= E[Y®R)IZENNEE) 1?1 Fz(k — 1)]
x E[| DT (k) D(k)[[| F.atk — D)]]
which together with (11) and Assumption (A2) leads to
EET (YT (k) D" (k) Py D(k)Y (k)& (k)]
< E[IY®)PIE@1ZIDT (k) DK)|]
< BE[(4a?V (k) + 2> E[|| D" (k) D (k) ||| F.a(k — D]]
= BE[(46%V (k) + 2b%)
% ElZmax(D" (k) D) Fatk — D]]

= BE| (452V (k) + 2b)

A

x E ITEE?V imax(ai(k)aiT(k)N}—.A(k - 1)i|i|

_(402V(k) +2b%)

max tr(a] (k)a; (k)| Falk — 1)_

| I

(402V (k) + 2b%)

X E||€Gw|  max aizj(k)|fA(k_1):|
L 1<i,j<N
< 40°Bpi E[V (k)] + 2b°Bp1.

From the above, taking the mathematical expectation on both
sides of (8), by (9), (10) and sup; E[Ié‘g(k)|max1§ijjSN

aizj (k)| Falk — 1)] < p1 as., we get

(12)

E[V(k+1)] < [1+ k) (pd + 4pa*pDIEV (k)]
+2b°p12(k), k> 0. (13)

This together with Assumption (A3) and Lemma A.2 gives
that E[V (k)] is bounded (regarding E[V (k)] as x(k) in
Lemma A.2). t

Lemma 2: For the system (1)-(2) and the associated ran-
dom graph sequence {G(k), k > 0} € TI'|, assume that
(a) Assumptions (A1)-(AS) hold; (b) there exist deterministic
positive integer h, positive constants € and pp, such that

. max{h,2}
(b.1) infpz0 A1, > 0 as., (b.2) supg [E[||Lg(k)||2 |

1
Falk — 1)]]”“‘“"”2’ < po as. Then, limoo E[V(K)] = 0
and limg_,» V (k) =0 a.s.

Proof: Let ®(m,n) = (In — cm —

DPNLGm-1)) - Un — c(W)PNLgw), m > n > 0,
®(n,n) = Iy, n > 0. By (7) and some iterative calculations,
we get

3((m + Dh) = O((m + Dh, mh)d(mh) +E™, m > 0,
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where
(m+1)h—1
Eit=" D" c(NO((m+ Dh, j+1)
j=mh
x PND(j)Y(j)E(). (14)
From the definition of V (k), it follows that
V((m + 1)h)
= 6T (mh)®T ((m + 1)k, mh)®((m + 1)h, mh)d(mh)
+ (EmmyT (Emy

+ 267 (mh)®T ((m + 1)h, mh)Em"
- 5T(mh)[cpT((m + Db, mh)®((m + Db, mh) — Iy
(m+1)h—1
+ > e@IPyLge + LG Ph ]]5(mh)
+ V(lmrlralg
(m+1)h—1

—oT(mh) D" c@IPNLga) + LG, Py1o(mh)
i=mh

+ (&M &

+ 26T (mh)®T ((m + 1)h, mh)Em™". (15)

We now consider the mathematical expectation of each term
on the RHS of (15). Noting that 6(mh) € Fz 4(mh—1), by the
properties of conditional expectation, we know that

E[(ST (mh)®T ((m + 1)h, mh)

< + D, j + 1)PND<j)Y<j)5<j)}
- E[&T(mh)E[(DT((m + Dh, mh)®((m + Dh, j+1)

x PyD()Y (DEDIF:AG - D],

mh<j<@m+Dh—1, m=>D0. (16)

By Assumptions (A2), (A5) and Lemma A.1, we have
E|:<I)T((m + Dh, mh)®((m + 1)h, j + 1)
x PND())Y (SN Fealj — 1)}
= E[CDT((m + Dh, mh)®((m + 1k, j + 1)
x PND(j)|Fe a(j — 1)}Y(1)E[é(j)lfg,,4(j - DI
= E[(DT((m + Dh, mh)®((m + 1k, j + 1)

X PND()Fa(j — 1)}Y(j)E[5(j)If§(j - 1]
=0yxy, mh<j<(@m+1)h—-1, m=>0,

where the second “="is obtained from (AS) and Lemma A.1.
This together with (14) and (16) gives

E [5T(mh)cpT((m + 1), mh)é;,';h] —0. (17)
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By Assumptions (A3) and (A4), there exist positive integer m
and positive constant Cy, such that c¢?(mh) < Cic((m+1)h),
Y m > myg, and c(k) < 1,V k > moh. By Condition (b.2) and
the conditional Lyapunov inequality, we obtain that

zugE[nLg(k)uﬂfA(k - 1]

< suplE[ILgao I 1Falk — DI < pi as., V2<i<2,
k>0

(18)

Denote the combinatorial number of choosing i elements from
2h elements by Méh By termwise multiplication and using
the Holder inequality repeatedly, noting that c(mh) decreasing
monotonously as m increases and E[||Lg k) I Fa(mh—1)] =

[E[|Lgg I Falk — DIFa(mh—1)], 2 <1 < 2, k > mh,
from (18), we have

E[H(I)T((m + Dk, mh)®((m + 1), mh) — Iy

(m+1)h—1
+ D e PyLgq + Ly PO |[Fatmn - 1]
i=mh
2
= (€1 3 Myb) e (Gm + Dyh)
i=2
= C1l(1 + po)™" — 1 = 2hpolc® ((m + Dh),
m > my. (19)
Denote the symmetrized graph of G(ilmh — 1)

by
g(l|mh — 1), mh <i < (m+ 1)h — 1. Noting that G(i|i — 1)
is balanced a.s., we know that G(i|mh — 1) is balanced
a.s. Then, E[Lg(l)lfA(mh — 1)] is the Laplacian matrix of
g(l|mh — 1), as.,, mh < i < (m + 1)h — 1. Therefore,
zl(m:;}]z)h ! Lg(,)l]-"A(mh — 1)] is the Laplacian matrix of

SEDA=L G \mh — 1) as.

i=mh

(A5) and Lemma A.1, we have

E [5T (mh)[

+ LGPy )i|(5(mh)i|
(m+1)h—1

Z c()E[Lg@)|Fzalmh — 1)]}

i=mh

Furthermore, by Assumption

(m+1)h—1

Z c()(PnLg)

i=mh

= ZE[(ST (mh)[

X 5(mh):|

(m+1)h—1

2

i=mh

= 2E[5T (mh)|: c(i)E[I:g(,-)I}"A(mh — 1)]:|

X 5(mh):| ,

which together with Assumption (A4) and Condition (b.1)
leads to

E[(ST (mh)[

(m+1)h—1

>

i=mh

c(i)(PnLgay + Lg(i)P,g)}&(mh)}
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> 2¢((m + 1)h)E[(ST (mh)

(m+1h—1
x[ Z E[

i=mh

L) Fa(mh — 1)]}5(mh)i|
> 2¢((m + Dh)E [zﬁ;h\/(mh)]

> 2¢((m+ Dh)E [1nf (4 h)V(mh):|

> 20c((m + Dh)E[V (mh)] a.s. (20)

By Assumptions (A2), (AS) and Lemma A.1, it follows that

ET YT () DT )Py O ((m + Dh,i + 1)

X O((m+ Dh, j+ 1)PyD()HY(j)S()]
= E[EETO)YTG)DT )Py dT ((m + Dh,i + 1)

x ®((m+ Dh, j+1) | Feali = DIPyD(HY (HEG)]
= E[E[¢T ()Y (i) | Feali — D]

x E[DT (i()Py®T ((m + Dh,i + 1)

X @((m+ Dh, j+1) | Fali — DIPND()Y ()E()]
= E[E[E[E" (i) | Fe(i — DIYT () | Feali — 1]

x E[DT (()Py®T ((m + Dh,i + 1)

x @((m+ Dh, j+1) | Fali — DIPND()Y ()E()]
=0,1i>],

which together with the definition of & gives

ELEMT Enm)
(m+1)h—1
= > FOEE"OY' @)D" )Py
i=mh
x®T ((m + Dh,i + DO((m + 1)h,i+ 1)
x PyD(@i)Y ()E(i)]
(m+1)h—1
< D FOENOT((m+ Dh,i+1)
i=mh
x ®((m + Dh, i+ DIIDTODGIIY O 1EG ]
(m+1)h—1
= > FCOENYOIPEN®" (n + Dh,i+1)

i=mh
x ®((m + Dh,i + DIIDT @)D | Fali —1)]
x E[IIEG I Fz — DI

By Condition (b.2), there is a constant p| such that

21

1/2
sup [ ELIDT (DM Fatk = DI| = pf as.

which together with the conditional Holder inequality and
Cr-inequality leads to
E[®T ((m + Dh,i + DO((m + Dh,i + 1)
x IDT (YD) F 4G = 1)]
< pHELI®" ((m + Dh,i +1)
X ®((m + Dh,i + DI2Fal — D]}
<p,mh<i<@m+1Dh—1, m>my,
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_ 2(h—1) 5 sJ 2(h=1) 30l 21| 2
where p’ = Pi{(zj':o Mz(hfl)) =0 Mz(hfl)/)o} :

Then, by (11), (21) and the above, we get

EIEGMT M1
(m+1)h—1
<p > FOEMPVOENEDI | Feli — 1]
i=mh
+2D7ENED7 | Fzi = DI
(m+1)h—1
<4c’Bp’ D FWOEV()]
i=mh
(m+1)h—1
202 pp" D A0, m = mo. (22)

i=mh

Finally, by (15), (17), (19), (20) and (22), we have
E[V((m + 1)h)]
< (1 —20c((m + 1)h)

+c((m + DRYCI( + po)™" =1 — 2hp0])E[V(mh)]

(m+1)h—1
+aaipp D COEV@D]
i=mh
(m+1)h—1
+2b%Bp’ Z @), m > my.
i=mh
We call (23) the difference inequality of stochastic Lyapunov
function. Now we first prove that E[V (mh)] — 0, m — oo,
and then prove that V (k) — 0, k — oo a.s. By (23), Lemma 1
and (23), we have

E[V((m + 1)h)]
< (1 =20c((m + Dh)
+c(m + DWCILL + po)** — 1 = 2hpo]) ELV (mh)]
(m+1)h—1
+C D F), m=m,
i=mh
where C; = (40 supgo E[V (k)] + 20%)Bp’.
By Assumption (A3), there exists positive integer m such
that
0 < 20c((m + D)h) — *((m + DA)C1[(1 + po)™"
—1—=2hpo]l <1,

(23)

(24)

Vom =my, (25)

and

> (20c((m + 1)h)

m=0
—A((m + DRI + po)*" — 1 = 2hpol}
= 0. (26)

And by Assumption (A4), we get

(m+1)h—1
mlgnooi[cz > cz(i):|/[2<9€((m+l)h)
i=mh

—A((m + DRI+ po)™ — 1 — 2hpon] =0. (27
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Then by Lemma A.3 and (24)-(27), we get E[V (mh)] — 0,
m — oo. Thus, for any given € > 0, there exists posi-
tive integer my such that E[V(mh)] < €, m > m, and
Z;ﬁmgh c2(i) < €. Let my = L%J. Then for any given
k > moh, we have my > my and 0 < k —myh < h. Therefore,
by (13) we have

E[V(k+ 1)]
k
< [ 0 +E@ 05 +4p1Bo*)ELV (mih)]

i=myph

k k
+2pi0°8 D[] 11+ G5+ 4p1pa?) ()

i=mgh j=i+1

< exp((pg +4p1f0%) D ) +2pb°Ble, k= mah,
i=0
(28)

where ]_[1;:,{+1 [1 +(p3+4plﬁo—2)c2(j)] is defined as 1. Then,
by the arbitrariness of €, we get

E[V(&)] — 0,k — oo. 29)

Taking conditional expectation on both sides of (8) gives

E[V (k + 1)|Fzalk — 1]
< [1+ (k) (pd + 402 p1 )1V (k) + 2b° p1 B3 (k).

Then, by Lemma A.2 and Assumption (A3), we obtain
V (k) — a finite random variable, k — o0 a.s.,

which together with (29) gives V (k) — 0, k — o0 a.s. 0
Proof of Theorem 1: Firstly, if Condition (b.2) holds, noting
that

2
€G! | max  ai; (k)

- 2 - 2
0<=NWN-1) 1;5’1?21\,611,(/6) = NN = DILgwlE,

by the equivalence of 2-norm and Frobenius norm of matrices
and the conditional Lyapunov inequality, we know that the
deterministic constants p; and p> are both well defined.
Secondly, by Lemma 2, we directly get that d(k) vanishes in
mean square and almost surely as k — oo. Then, this theorem
is proved by three Steps as follows.

Step 1: To prove that all x;(k), i € V converge to x* as
k — oo in mean square and almost surely.

Let I:g(k) = Lg(k) —E[Lg(k)|.7:_A(k— 1)], k > 0. Noting that
the associated digraph of Laplacian matrix E[Lg)|Fa(k—1)]
is balanced a.s., we know that 17 E[Lg(|Falk — 1)] = 0%,
a.s. Left multiplying with %117\, on both sides of (3), and then
making a summation from O to n—1 with respect to k, we have

N N n—1

1 1 1

~ > xj(n) = 5 > xj(0) - NlT > c(k)Lga X (k)
j=l1 j=1 k=0

n—1

n %1T S () DY (KE(K)

k=0
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n—1

N
1 1 ,
= > xj(0) - NIT > e(k)Lga X (k)
j=1 k=0
n—1

+ %ﬂ gc(k)D(k)Y(k)é(k). (30)

Noting that

E[LGGniy X (m + )| Fz, a(m)]

= E[E[Lgn+i)X (m + )| Fz a(m)||Fe alm +i — 1)]

= E[E[LGm+i) X (m + )| Fz alm +i — DIIFz a(m)]

= E[E[LGeu+i)|Fe a(m +i — DIX (m + )| Fz a(m)],

1<i<n-m-—1,

by the Qeﬁnition of I:g(k) and As~sumption (A5), it is known
that E[Lg(k)|.7:.§jA(k - D] = E[Lg(k)|.7:A(k — 1)] = Onxn,
k > 0. Thus, from the above equality, we get

E[Zg(eri)X(m + )| Feam)] =0n,1<i<n—m-—1,

which gives

n—1

E [ > LggX (k)
k=0

m
= E[ZZ%)XU)
i=0
n—1

+ E[ > LgoX @)

i=m+1

- E[Zig(i)x(i)

i=0

fé,A(m)}

fé,A(m)}

ff,A(m):|

fg,A(m)], Vm<n-—1.

This together with the definition of martingales implies
{%lﬁ >0 c(k)ig(k)X(k), Fealn),n > O} is a martingale.
On the other hand, by (30), we know that

n—1 2

> etk)Lga X (k)

k=0

sup £

n>0

n—1

sup >~ () ELIX M1 Lgqy I
=9 k=0

sup E[Lgu 1P 1 F 4tk — 1)]

IA

IA

o0
x sup E| X (k)1 D ¢* (k). 31)
k=0 k=0
By Condition (b.2), we know that
sup E[| LgaI*|F.alk — 1)] < 00 as. (32)
k>0

From (3), (12) and Condition (b.2), we get

E[IX(k+ D)|*]

= EIXT () (Iy — c(k) L) (I — (k) Lg ) X (k)]
+ W EET ®)YT () DT (k) DK)Y (k)&(K)]
E[IX ()1 + R ELIX )2 Lo 7]

IA
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+ AR)ELNY W) IEEI2IDT (k) D(K)II]
ELX 021+ 2 k)pd ELIX R)II]

+ (k) Bp1 E[462V (k) + 2b7]

(1 + () p) ENIX (k)11

+ Bpi1(4a? sup E[V (k)] + 2b%)c* (k),
k>0

IA

IA

(33)

where the second term in the second inequality is by Condi-
tion (b.2), and the third term is similar to (12). This together
with Lemma 1, Lemma A.2 and Assumption (A3) gives
Supg=( E[||X(k)||2] < 00. Then, by (31) and (32), we know
that

2
n—1
sup E | > c(k)Lguy X (k)| < oc.
n20 k=0

This together with Lemma A.4 leads to the fact that

1 n—1 _
NI,T\, > e(k)Lgg X (k)
k=0

converges a.s. and in mean square. (34)

From Assumptions (A2) and (AS), it follows that

n—1
E |:Z c(k)D(k)Y(k)f(k)Ifé,A(j)]

k=0
J n—1

=D clD®Y (k) + > ELE(c(k)D(K)
k=0 k=j+1

X Y()E ()| Fe,alk — D) Fe a())]

j
= Zc(k)D(k)Y(k)é(k),V j<n—1.
k=0
Thus, the adaptive sequence {Z?:o c(k)Dg Y (k)S (k),
Fealn),n = O} is a martingale. Then, by (11) and Con-
dition (b.2), we have

n—1 2

D c)DH)Y (k)& (k)

k=0

sup £

n>0

n—1
= sup > E [ 0" (0" (0D (1) DY (E(K) |

n=04—0

ﬁiuBE[nDT(k)D(k)nlfA(k -]

IA

n—1
x sup > ) E[Y (®)])?
n=04—o
n—1

< Bpisup D_ > (k) (4> E[V (k)] +2b%).
n=04=0

By Assumption (A3), the boundedness of E[V (k)] and the
above, we get

n—1
sup E | > c(k)D(k)Y (k)E(k) | < oo,
n=0 k=0
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which together with Lemma A .4 gives Similarly, by (33) and the above, we have
1, E|X (k+ D>
—13 > c(k)D(k)Y (k)& (k) converges, 1X¢ )2” 5 s 5 -
NN & < (L+ WP EIX W) + Bpi (4o g, +267)P (k)
k — oo a.s. and in mean square.  (35) < gx. 41)
Finally, by (30), (34) and (35) we know that Then, by (34), (35), (37), (38), the dominated convergence
N theorem and Cr-inequality, we have
N ij (n) — x*, n — oo a.s. and in mean square, (36) Var(x®)
j=1 | o0
where = E[NI,T\, > () DE)Y (k)& (k)
N k=0
Xt = ) — —1T (k)L X (k) | P 2
; J Z (k) — Nlﬁ Z c(k)Lg(k)X(k):|
k=0
—17 ) 1 s 2
+ NIN > DM O (37) < 26[ L1 3 cpwr ]
=0 NS

Then, by the definition of V (k), Lemma 2 and (36), we have

o
2
- .
xi(k) = x*, k — oo, a.s. and in mean square, i € V. +2E[N1N Zc(k)Lg(k)X(k)]
k=0
Step 2: To compute the mathematical expectation of x*. 1 n—1
By (34), we have <2 lim E[Nlﬁ Zc(k)Lg(k)X(k)]
1 00 e k=0
E| =11 ck)Lgg X (k) 1 . nol 2
[N Nk% ) +2 lim E[—lﬁZc(k)D(k)Y(k)f(k)] . @)
' n—00 N Py
. P . -
= nlggo E |:N1£ ZC (K)LguX (k):| =0. For the first term on the right hand side of (42), noting that
k=0 {11TV Sy c() Lo X k), Fealn), n > o} is a martingale,
Similarly, by (35), we have we have
E [ Ly (k)D(k)Y(k)f(k)} LS 2
1y C . 4T =4
NN lim E |:N1N %c(k)Lg(k)X(k)j|
~1
1, S
. H _ — 1 - 2
= Jim E [NIN zc(k)D(k)Y(k)f(k)] =0. = — lim Z A()E [I,T\,Lg(k)X(k)] ]
k=0 N+ n—oo =
This together with (37) gives | n—1 )
N = — lim S {EWE [ITLg(k)X(k)]
s 1 N2 n>o0 N
E@*) = — > x;(0). (38) k=0
N = 1 n—1 N N
e H 2 . .
Step 3: To estimate the variance of x*. N2 nlggo ; ¢ (k)EI:ZXI (k)(.zau ®

From (13), by iterative calculations, we have

- > 2 . - Zaji(k))ﬂ

E[V(k+ D1 < [[11+ (55 +4B5>p1)c* )1V (0)

j=1
i=0 . . 1 n—1 N N
| <L tim Ic [ 20 (D i )
+2p1b2ﬂzc2(l) H [1 N n— k:() ; Xi (; 1y
i=0 Jj=itl N
. 2
+ (o5 +4pa’ ) (], (39) - > 4;i(k) “
where Hlj‘-:kﬂ[l + (pg +4B02p1)c?(j)] = 1. Actually, for all j=1 .
. k ;
k> j, we have [T, (14 (o3 +4B02p1)c?())) < exp ((pé - <2 Zcz(k)EHX(k)H ”jvqx S Ak, @3
4po2p)) Yy ) = exp((f + 4o%p1) X2 c(0))- n
This together with (39) leads to where the second “=" is by the definition of Lgg) and
sup E[V (k)] < gy. @0y 9.k = 0} € T, the first "<"is by Creinequality and

k>0 the second is by (41).
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For the second term, noting that {117\, Z’}zo c(k)D(k)
Y (k)E(k), Fea(n), n > 0} is a martingale, direct calculations
gives
2

n—1
lim E [%ﬁv Zc(k)D(k)Y(k)é(k)]
k=0

n—1
- % Aim E [z(1§6(k)0(k)Y(k)5(k))2}

k=0

IA

1 ' n—1
o > E0E] 3 Gita
k=0 I=<i,j=N

2
x(0ji(xj(k) — x;(k)) +bji)] . (44)

Then by Cr-inequality,
Lemma A.1, we have

Assumptions (A2), (AS) and

n—1

Jim E[ 153 e p®)y 9e® ||
k=0

>

(i,))€€q k)

X (0 0x; k) — % (k) + b,-,->2]]
2 — I 2
— c“(k)
N? k%

% (03, (0) = xi (k) +52)] ]

D)

k=0

4862 p| ~—
FOPLS EV0)IE),
k=0

S EINED

k=0

E[ 1860122 K)a? (0

IA

> E [|59<k) &7, (kyay; (k)

(i,))€€q k)

28b%p
N2

IA

+

(45)

Lt}

where the first “<” is by Cr-inequality, and the last ‘<” is
by Assumptions (A2), (AS5) and Lemma A.l. This together
with (42) and (43) gives (5). O

Remark 10: The constant ¢ in (5) and (6) can be replaced
by g,c from the estimation (40). This removes the term
E[V (k)] in ¢, however, makes the upper bound of the mean
square steady-state error more conservative.

Remark 11: Lemma 1 plays important roles in the proof of

Theorem 1.

o In [34], the network is assumed to be a fixed, balanced
and strongly connected digraph. Then the property of the
Laplacian matrix of a connected graph was directly used
to the first-order difference inequality of the Lyapunov
energy function. For the case with time-varying ran-
dom graphs of this paper, the network graph is neither
connected nor balanced instantaneously, and thus the
method of [34] is not applicable. We further develop the
stochastic Lyapunov method for the case with a sequence
of random graphs and compound noises. By Lemma 1,
the high-order difference inequality (23), where E[V (i)]
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i =mh+1,...,(m+ 1)h — 1 are involved, is transformed
into the A-step ahead first-order difference inequality (24).

e« The system centroid equation (30) is different
from those in [34] and [25]. First, the term
%IT Z;(l) c(k)D(k)Y (k)¢ (k) induced by the noises is

coupled with the state and the random graph sequence.
Second, there is an additional term %IT ZZ;(I) C(k)I:g(k)
X (k) induced by the instantaneous unbalance of the
network graph. By Lemma 1, we prove that the
sequences {17 Z;(l) c(k)D(k)Y (k). (k),k > 0} and
arsusy c(k)Lggy X(k),k > 0} are both square
integrable martingales.

Remark 12: Here, Assumption (A3) is a standard assump-
tion on the step size in stochastic approximation. In practice,
different from distributed averaging aiming at estimating the
average of initial values, if the quantity to be estimated
changes over time, then non-vanishing step size is often used.
If the step size c(k) is a sufficiently small constant, then
from (31), one may see that the centroid of the system will
diverge due to the additive noises and thus the mean square
and almost average consensus will not be achieved.

V. SpPEcCIAL CASES

In this section, we consider two special classes of random
graph sequences: (i) {G(k), k > 0} is a Markov chain

with countable state space; (ii) {G(k),k > 0} is an inde-
pendent process with uncountable state space. By the sto-
chastic Lyapunov method based on random graph sequences,
we obtain sufficient conditions for mean square and almost
sure average consensus. For these two special cases, Condi-
tion (b.1) of Theorem 1 becomes more intuitive and Condi-

tion (b.2) is weakened.

A. Markovian Switching Graph Sequence

Definition 2 [45]: A Markov chain on a countable state
space S with a stationary distribution 7, and transition prob-
ability function P(x, -) is called uniformly ergodic, if there
exist positive constants » > 1 and R such that for all x € S,

IP"(x,) —mlli < Rr".

Here, |P"(x,-) — x| = Z},ES P"(x, y) — z(y)].

Denote S1 = {A;,j = 1,2,...}, which is a countable set
of generalized weighted adjacency matrices and denote the
associated generalized Laplacian matrix of A; by L;. Let

A Li+LT . . .
L; = ! 5 L. In this subsection, we consider the class of

random graph sequences defined by I'; below, each element of
which is a homogeneous and uniformly ergodic Markov chain
with countable states and unique stationary distribution, i.e.

F2 = {196). k = 0)l{Aggo, k= 0} € 51,

and is a homogeneous and uniformly ergodic

Markov chain with unique stationary distributionr ;
E[Agw|Agu—1] = Onxn, as.,

and the associated digraph of E[Agu|Agx—-1)]

is balanced a.s., k > O.}.
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Here, 7 = [x1, 72, ...]7,
denotes 7 (Aj).

We have the following theorem.

Theorem 2: For the system (1)-(2) and the associated ran-
dom graph sequence {G(k), k > 0} € I';, assume that

(i) Assumptions (A1)-(AS) hold;

(i) the associated graph of the Laplacian matrix Z?‘;l miL;
contains a spanning tree;

(iii) supj~ [ILjll < oo.

Then the system (1)-(2) achieves mean square and almost
sure average consensus.

Proof: Since {Agx), k > 0} is a Markov chain, by the
Markov property, we know that E[Agu)|Fak — 1)] =

E[Agw) | Agx-1)]. Thus, {G(k), k > 0} € I'y.

By the one-to-one correspondence among Ag(k), Lg and
Lg(k), we know that {Lg), k > 0} and {Lg(k),k > 0} are
both homogeneous and uniformly ergodic Markov chains with
the unique stationary distribution 7, whose state spaces are

w — .
;> 0, ijl mj = 1, where 7;

= {Li,Ly,L3,...} and S3 = {2,1, iz, £3, ...}, respec-
tively. From (4), we know that
mh+h—1
My = /12{ > ElLgwplLgmn-1) = Lo]}
i=mh
h oo .
ZZLjPZ(LO,Lj) , ¥V Lo € Ss,
i=1 j=1
Ym=>0, h>1. (46)

Noting the uniform ergodicity of {ig(k),k > 0} and the
uniqueness of the stationary distribution 7, by Condition (iii),
we have

IP’ > o
PP Iys 12 (Lo, Lj) S,
j=1
Z, 12, 1(L P (Lo, L ')_”jij)
h
_ ’ i 2 Lj(P'(Lo, L)) — 7)) ‘
B h

Z?:l Rr!
h

IA

sqp||£j|| — 0, h— oo.
J

Furthermore, by the definition of uniform convergence,
we know that

1 mh+h—1
E[ > E[Lg(i)|Lg(mh—1)]j|

i=mh

converges toanI:j a.s.,

Jj=1

uniformly with respect to m, as h — oo. Denote a =
AQ(Z?‘;I m;L;). By Condition (ii), it follows that o > O.
Since the function A>(-), whose arguments are matrices,
is continuous, we know that for the given %, there exists
a constant 0 > O such that for any given Laplacian
matrix LZ A2 (L) — /12(2?021 miLj)| < %, provided |L —
2?0:1 miL;ll < 4. Since the convergence is uniform,
mh+h—1

there exists a positive integer fo such that ||%[Zi:mh
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E[Lgw|Lgmn-1)]l — Z, 7Ll < 6 h = ho,
a.s., which leads to |/12(h [> mhth=1 E[Lgu)|Lgmn—nll) —

i=mh

’12(2 17TJL ) < 5, h > ho, as. Thus,
1 mh—+h—1 "
’12(5 [ > E[Lg(i)ng(mh—l)]]) =5 >0, as
i=mh

Then, by (46), we have A", > % > 0, h > ho as. Thus,
Condition (b.1) of Theorem 1 holds. Then, by Condition (iii),
we know that Condition (b.2) of Theorem 1 holds. Finally,
by Theorem 1, we get the conclusion of the theorem. 0

B. Independent Graph Sequence

Consider the independent graph sequence

rs = {6, k = 0)1(9k), k = 0)
is an independent process, E [.Ag(k)] > ONxN, a.s.
and the associated digraph of E [Ag(k)]

is balanced a.s., k > 0}.

We have the following theorem.

Theorem 3: For the system (1)-(2) and the associated ran-
dom graph sequence {G(k), k > 0} € '3, assume that

(i) Assumptions (A1)-(A5) hold;

(i1) there exists a positive integer /& such that

(m+1)h—1
’Lr;fo 22 _zh E[Lgpl |t > 0;
=m

(iii) supy=o E [IILg I1?] < o0
Then the system (1)-(2) achieves mean square and almost
sure average consensus.

Proof: From G(k) € I's, we know that G(k) € I,
and E [ig(k)] is positive semi-definite. By the indepen-
dence of {G(k),k > 0}, we have E[Agu)|Falk —1)] =
E[Agw)], E[Lgu|Fatk — 1)] = E[Lgu], which together
with Assumption (AS) gives

P
[5%) G Z v g“"é(k)}

T pT
LGPy + PNLgw
2

E[LL 1+ E[L
_ E|:5T(k) [ g(k>]2 [ g(k)]é(k)j|

—F [5T (k)E[ig(k)]a(k)] >0

= E|:5T(k)E|:

Fealk — 1)}5(@}

Then, similar to the proof of Step 1 of Theorem 1, we get that
1

E[V (k)] is bounded. Denote supyg [E[||Lg(k)||2]]2 by pa.

Since Lg; is independent of Lg;y, i # j, we do not have

to use the conditional Holder inequality as in (19). Here,

by the conditional Lyapunov inequality and Condition (iii),
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we have sup-q E[I gl < sup=olELI Lo 1) < pa.
Then, similar to (19), we obtain

E[H(I)T((m + Dk, mh)®((m + 1)h, mh)

(m+1)h—1

—Iv+ D> c@(PnLga) + L, N)H]
i=mh
2h
- (01 Z;Méhpg)c ((m + 1)h)
im

= C1[(1 + pa)*" — 1 = 2hpalc®((m + Dh).

Also, by the independence of {G(k), k > 0} and Condition (ii),
similarly to (20), we have

(m+1)h—1

> C(i)|:PNLg(i)

i=mh

E [5T (mh)

+ Lg(z) i|5(mh):|

(m+1)h—1
=2E | o"(mh) [ D c@ElLgg)] | 6(mh)
i=mh

(m+1)h—1
= 2¢((m+ Dh) inf 3.4 'Zh E[Lg@)
=m

x E[V (mh)].

Then, similarly to the proof of Step 2 of Theorem 1, we get
E[V (k)] — 0,k — oo.

By the independence of G(k), k > 0 and Assumption (A5),
we know that the adaptive sequences {lT Z] Oc(k)Dg(k)
Y(R)EK), Fea(m), n = 0} and (15 3_g (k) Lo X (k).
Fe,A(n), n > 0} are both martingale sequences. Then, similar
to Steps 1, 2 and 3 of Theorem 1, we get the conclusion of
the theorem. (]

Remark 13: In Theorem 3, the associated digraph of
E[AgG], i.e., the mean graph at each time instant, is balanced,
so the symmetrized mean graph is undirected. Condition (ii)
of Theorem 3 means that the symmetrized mean graphs
are jointly-connected (the mean graph has a spanning tree)
over consecutive fixed-length time intervals and the average
algebraic connectivity is uniformly positive bounded away
from zero.

The gossip algorithm [16] is a special distributed averaging
algorithm with a sequence of i.i.d network graphs. For dis-
tributed averaging algorithms with a sequence of i.i.d network
graphs, the mean square steady-state error can be estimated
more precisely with sufficiently small initial algorithm gains.
Moreover, the almost sure convergence rate of the n-step mean
consensus error can be estimated.

Consider the i.i.d graph sequence

Fa = {1900, k = 0}1{G(0), & = 0}
is an i.i.d process with E[Ag(o)] > OnxN,and

the associated digraph of E[Ag)] is balanced.}.
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Theorem 4: For the system (1)-(2) and the associated ran-
dom graph sequence G(k) € I'4, assume that

(i) Assumptions (A1)-(A5) hold;

(ii) the associated digraph of the Laplacian matrix E[Lg )]
has a spanning tree;

(i) E [|ILg(l*] < oo

Then, all states x;(k), i € V, converge to a common random
variable x*, in mean square and almost surely, with E(x*) =

% Zj-v:l xj(0) and

4cpb®py  8CPa’p

2cp2 gy
N2 N2 +

Vv ) < ,
ar(x®) < N

where b, o, ¢, ¢, g, are constants defined in (5) and

. 2
p1=E [Ifgw)l | max | aj; (0)i| ,

= max FE
1<i<N

N N
zaij 0) — Zaji(o)
=1 =1

The convergence rate of n-step mean consensus error is
estimated by

- Z 1606) | = 0 (W) as.

Furthermore, if the initial algorithm gain is so small that

225 (E[Iig(o)])
E[ILg@)l?] + 402851’

(47)

c(0) < (48)

then
~ c(O)E[V(0)] + 2b2Bj1 322, 3 (k)

c < — .
222 (ElLgo)) = (E [ILg0)IP] + 402 1) c(0)
(49)

Proof': 1t is obvious that I'y € I'3, so G(k) € I'3. By Con-
dition (ii) and G(k) € I'y, we know that A, (E[i,g(o)]
and Condition (ii) of Theorem 3 holds with 4 = 1. Obviously,
Condition (iii) together with G(k) € I'y implies Condition (iii)
of Theorem 3. Then, by Theorem 3, the closed-loop system
achieves mean square and almost sure average consensus.
From (8), we have

E[V(k+ D)|Fz (k)]

< V(k) — 2¢(k)J2(E[Lgo) )V (k)

+ E[lILg()I*1e* (k) V (k)

+402pp1c*(k)V (k) + 2% Bp1c? (k) as.,  (50)

which together with A; (E[ig(o)]) > 0 and Lemma A.2
leads to

oo

> ck)V(k) < oo as.

k=0

&1V
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Then, by Assumption (A4) and Kronecker lemma ( [42]),
we have

n
lim c(n) ;‘; V(k)=0 as.,

which together with Cauchy inequality > ;_, (k)| <
ﬁm results in (47).
From (50), we have
E[V(k+1)]
< E[V ()] = 2¢(k)22(E[Lgo) ) ELV (k)]
+ El Lg (o) IP1* (R ELV (k)]
+402Bp1c* (k) ELV (k)] + 2b* B p1c? (k).
Then, by Assumption (A4), we have
(242(E[Lg))) = ElILg)I*1c(0)
—4a’pp1 ()R ELV (k)]
< c(k)E[V()] — c(k + DE[V(k + 1)] + 2b>Bp1> (k).

Taking summation on both sides of the above inequality from
k=0 to k =n gives

(222(E[Lg))) — ElILg)1*1c(0)

— 4021 c(0)) D U)ELV (K)]

k=0
= cOENVO)] —cr+ DE[V(n+1)]

n
+26° 851 > k).
k=0
Then, by (48) and let n — oo, we have (49). U
Remark 14: Theorem 4 shows that if the step size c(k) =

o (Il 05,1 —1, th
% ,7 € (0.5,1] and g > , then the n-step mean

1

nl=v h’lﬂ n
ii.d graph sequence. Here, Theorem 4 only gives a rough
estimate of the convergence rate of n-step mean consensus
error in the sense that if c¢(k) = ®(1/k), then the trivial
estimate o(1) is given. To get the exact convergence rate of
the consensus error in probability one is challenging. Some
preliminary results have been presented in [47] for the case
with only additive noises and fixed network graph, especially,

; _ : _ Inlnk
if ¢(k) = ©(1/k), it was shown that |[d0(k)|| = O |/ =
a.s., provided the algebraic connectivity of the network graph
is sufficiently large [47].

consensus error is o( ) almost surely under the

VI. NUMERICAL EXAMPLES

We consider a simple random multi-agent network with
three nodes, whose states are x(k), x2(k) and x3(k), k > 0,
respectively. The initial values are given by x1(0) = 9,
x2(0) = 7, x3(0) = 6. At each time instant, the network
graph has six random edges. Here, the noise intensity function
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X, (k)
G
851 . : : - = x50

states of agents

1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 ) 100
Kistep

Fig. 1. Trajectories of states when 7 = 1.

fii(xjk) —xi(k)) = a|xi(k) —x; (k)| +b, i, j = 1,2,3. Take
clk) = % Then by the algorithm (1)-(2), the state updating
rule is given by

4 ) = xi® + 3 ai®) (k) —n k)

i=23
+ ol (0) = x1 ()11 (K) + bén (1)),

B+ = 0@ + 1 Y ai®(®) -k
i=1,3

ol (0) = x2(0) &2 k) + béa (k).

w4 ) = )+ D @) (nh) - k)
i=1.2

ol (0) = x3 ()& k) + béa(b)).

The random weights {a;; (k), i, j = 1,2, 3, k > 0} are selected
by the following rules. For some positive integer 7, when k =
mh, m > 0, the random weights are uniformly distributed on
the interval [0, 1]; when k % mh, m > 0, the random weights
are uniformly distributed on [—0.5, 0.5]. So, here, the random
weights may be negative at some time instants. Here, {a;; (k),
i,j=1,2,3, k> 0} are spatially and temporally independent.
Then the conditional graph degenerates to the mean graph.
It can be verified that when k¥ = mh, m > 0, the mean
graph is balanced and connected and when k # mh, m > 0,
the mean graphs are empty. Thus, the mean graphs are jointly
connected on the time interval [mh, (m + 1)h). Assume that
the communication noises {&;;(k),i, j = 1,2,3,k > 0} are
independent standard normally distributed random variables
and independent of the random graphs. Let ¢ = 0.1 and
b = 0.1. By Theorem 3, the states of these nodes would
asymptotically converge to a random variable whose math-
ematical expectation is the average of initial values.

Now we demonstrate that the states of the agents agree
asymptotically. Take 7 = 1,2, 3, and the states of agents
are shown in Figures 1, 2 and 3, respectively. It is shown
that the agreement is asymptotically achieved and smaller 4
(the length of the intervals over which the network graphs are
jointly connected) gives faster convergence. Take 7 = 1 and
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Fig. 4. Trajectories of ||d(k)|| NG InGT2) when h = 1.
: k+1 : :
the trajectory of |0(k)||,/=—7-—== is shown in 4, from
jectory of 10U/ s Tngray ’

which one may see that the convergence rate is no slower
than O (lannk)

VII. CONCLUSION

We have considered discrete-time stochastic approximation
type distributed averaging algorithms with random measure-
ment noises and time-varying random graphs. Compared with
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the existing literature, our model is more widely applicable
in the sense that i) the measurement covers both additive
and multiplicative noises; ii) the network graphs and noises
are not required to be spatially and temporally independent;
iii) the edge weights of network graphs are not necessarily
nonnegative with probability one. By further developing sto-
chastic Lyapunov method and the combination of algebraic
graph theory and martingale convergence theory, sufficient
conditions have been given to achieve mean square and almost
sure average consensus. It has been shown that all states
of agents converge to a common variable in mean square
and almost surely if the graph sequence is conditionally
balanced and uniformly conditionally jointly connected. The
mathematical expectation of the common random variable is
just the average of initial values. Moreover, an upper bound of
the mean square steady-state error has been given in relation to
the edge weights, the time-varying algorithm gain, the number
of agents, the agents’ initial values, the second-order moment
and the intensity coefficients of noises. Especially, if the mea-
surement noises are both spatially and temporally independent,
then the mean square steady-state error vanishes as the number
of nodes increases to infinity under mild conditions on the
network graphs.

Convergence rate is an important performance for dis-
tributed averaging algorithms. Different from the fixed-gain
algorithms for noise-free cases [19], [30], [48], here, the
non-zero off-diagonal elements of the closed-loop state matrix
are not uniformly bounded away from zero, which results in
much more difficulties to get the exact stochastic convergence
rates of the algorithm. For the case with a sequence of i.i.d
random graphs, we have given a rough estimate for the n-step
mean consensus error with probability one. It is interesting to
develop effective tools to give the exact stochastic convergence
rates of our algorithms.

APPENDIX

In this paper, the following basic inequalities will be used.
For the conditional Lyapunov inequality and the conditional
Holder inequality, the readers may be referred to Theo-
rem 6.4 and its next paragraph in [49, Ch. 6].

Denote the probability space by (Q, F, P). Let F] be a sub
o -algebra of F.

Conditional Lyapunov inequality. Let & be a random vari-
able on (Q, F, P). Then

ELEP1FDYS < (ENEI|ADY! as, 0<s <1

Conditional Holder inequality. Let ¢ and # be two random
variables on (Q, F, P). Let constants p € (1, 00), g € (1, 00)
and 1/p+1/g = 1. If E[|£|P] < o0 and E[|n]?] < oo, then

E[IERIFT < (ENEIPIFADYPENn9 RN as.

If JF7 is the trivial ¢-algebra {Q, @}, then the conditional
Lyapunov inequality and conditional Holder inequality degen-
erate to the usuanl Lyapunov inequality and Holder inequality,
respectively.

Cr-inequality. Let a; > 0, i =

(> ai)r <n '3 jal,r> 1

1,2,...,n. Then
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Lemma A.1: Let {Zy,k > 0} and {Wy, k > 0} be mutually
independent random vector sequences. Then 6 (Z;, Z; 1, ...)
and ¢(W;, W;41,...) are conditionally independent given
o(Zo,....Zj—1,Wo,...,W;_1), YV j=>1

Proof: Denote Zy~y, = {Zm = Zm,...,Zn = z} and
Zm~oco = {Zm = Zm> Zm+1 = Zm+1, ...} Where z; denotes
the possible values of Z;. By the definition of conditional
probability, we have

P{Z 00, Wi~oolZo~j—1, Wo~j—1}
= P{Wj~olZo~j—1, Wo~j—1}

X P{Z j~ool Zo~j—1, Wo~oo ) (A.1)

Noting that 6 (Zo~oo) = 0(0(Zj~oo) U 0(Zp~j—1)) and
0(Zo~c0) is independent of o (Wp~oo), by [42, Sec. 7.3,
Corollary 3], we have P{Zj~oo|lZ0o~j—1, Wo~oo} =
P{Zj oolZo~j-1} = P{Zj~olZ0~j—1, Wo~j—1}, which
together with (A.1) gives P{Zj~o00, Wj~oolZo~j-1,
Wo~j—1} = P{WicolZo~j—1, Wonj—11P{Z j~co| Zo~j -1,
Wo~j—1}. By the definition of conditional independence,
we get the conclusion. (]

Lemma A.2: [46] Let {x(k),F(k)}, {ak),Fk)},
{p(k), F(k)} and {y(k), F(k)} be nonnegative adaptive
sequences satisfying

E(x(k+ DIF (k) = (1 4+ al)x(k)—pk) +y k), k=0 a.s.,

and > 2, (a(k) + y (k)) < oo as. then x(k) converges to a
finite random variable a.s., and thio S(k) < oo as.

Lemma A.3: [43] Let {u(k), k > 0}, {¢g(k), k > 0} and
{a(k), k > 0} be real sequences, where 0 < ¢g(k) < 1,
atk)y = 0,k >0, 32, qk) = oo, % — 0, k — 00, and
ulk +1) < (1—qk))u(k)+a(k). Then lim sup,_, o, u(k) <O0.
Especially, if u(k) > 0, k > 0, then u(k) — 0, k - oo.

Lemma A.4: ( [44]) Let {X(k), F(k)} be a martingale
sequence satisfying supy.q E[IX(®)|*] < oo. Then X (k)
converges in mean square and almost surely.
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